We determine the wave front sets of solutions to two special cases of the Cauchy problem for the space-time fractional Zener wave equation, one being fractional in space, the other being fractional in time. For the case of the space fractional wave equation, we show that no spatial propagation of singularities occurs. For the time fractional Zener wave equation, we show an analogue of non-characteristic regularity.
Introduction
This paper is devoted to the microlocal analysis of the solution to the generalized Cauchy problem for the space-time fractional Zener wave equation
considered as an equation on all R 2 with supp(u) ⊆ {(x, t) ∈ R 2 | t ≥ 0} and u 0 , v 0 ∈ E ′ (R). The generalized Cauchy problem (1) is derived and analyzed in [1] , where existence and uniqueness of distributional solutions has been shown. In the present paper we study the wave front set for special cases of (1) when α = 0, or β = 1.
The operators L α t and E β x are of convolution type, with respect to one variable only, denoted by * t and * x , respectively, and act on a distribution w = w(x, t) in the following way 
Note that E The space-time fractional Zener wave equation
subject to initial conditions
is derived in [1] from the system of three equations: The equation of motion of a (one-dimensional) deformable body, the constitutive equation and the non-local strain measure. In dimensionless form, the system of equations reads
where α ∈ [0, 1), β ∈ (0, 1), 0 D α t is the fractional differential operator, defined as follows. Let t, γ ∈ R and H denote the Heaviside function. Then one defines
and for g ∈ S ′ , with support in the region t > 0,
Upon Fourier transform we may solve (8) with respect to σ by
Indeed, by [5, Example 7.
α , hence we find that (10) solves (8) . Finally, inserting this into (7) and observing (9), we arrive at Equation (5) . As in [1] , we study the Cauchy problem (5-6) with distributional initial values in the form (1) . In Section 2 we analyze the microlocal properties of the space-fractional wave equation and in Section 3 we address an analogue of the non-characteristic regularity of solutions to the timefractional Zener wave equation.
The space-fractional wave equation
We consider the solution for the special case of problem (1) with u 0 , v 0 ∈ E ′ (R) when α = 0 and 0 < β < 1, which leads to the so-called space-fractional wave equation
With b β := sin βπ 2 we have the solution u with supp(u) ⊆ {t ≥ 0} in the form (cf. [1] )
Remark 2.1.
Furthermore, both E 0 and E 1 are weakly smooth with respect to t when t = 0. We note that t → E 1 (t) is continuous R → S ′ (R) with E 1 (0) = 0, whereas lim t→0+ E 0 (t) = δ = 0 = lim t→0− E 0 (t); E 0 is weakly measurable with respect to t ∈ R.
(ii) It is apparent from (12) and the assumption u 0 , v 0 ∈ E ′ (R) that the partial x-Fourier transform F x→ξ (u) of u is a continuous function with respect to ξ and of moderate growth. Hence the multiplication g γ · F x→ξ (u) with g γ (ξ) := |ξ| γ (−1 < γ < 1) gives a locally integrable function of moderate growth with respect to ξ, and
The same is true, if in place of u we considerũ = F −1 ξ→x (exp(ib β |ξ| 1+β 2 t)) * x u 0 and other similarly constructed distributions, e.g., w = G σũ . We will repeatedly make use of this fact within the current section in course of the following proofs.
(iii) For fixed t > 0, the linear operators of convolution with E 0 (t) and 
where the right-most set corresponds to the characteristic set of ∂ t when considered as partial differential operator on R× ]0, ∞[. 2 ), and choose ρ ∈ C ∞ (R) such that ρ(ξ) = 0 for |ξ| ≤ 1/2 and ρ(ξ) = 1 for |ξ| ≥ 1. Then at fixed arbitrary t > 0 and j ∈ {0, 1} we have
We observe that (ξ, t) → e + j (ξ, t)(1 − ρ(ξ)) is continuous, has compact ξ-support, and is smooth with respect to t, more precisely, e 
is the real part of a function of a special case of the type discussed in [4, Example 1.1.5.] (with appropriate choices of parameters and variable names); here, the condition 0 ≤ β < 1 is crucial. In fact, the corresponding symbol estimates need only be carried out in the region |ξ| > 1 and are elementary in our case. We also see directly that x-derivatives of a 1 vanish, any ξ-derivative of a 1 and a 0 -as well as a 1 and a 0 themselves-have essentially the same bounds when (x, t) vary in a compact subset and |ξ| > 1; furthermore, any t-derivative of a 1 brings us back to estimating a 0 with one order less in the t-derivatives, thus a 1 is contained in the same symbol class as a 0 .
To complete the proof of Claim 1, we observe that F j,1 (j = 0, 1), being an inverse Fourier transform, can be written as oscillatory integral (in the sense of [5, Theorem 7.8.2]) with symbol a j (x, t, ξ)/(2π) and phase funtion φ(x, t, ξ) = x ξ in both cases. Thus, according to [5, Theorem 8.1.9] , the only contributions to the wave front sets can stem from points with stationary phase, i.e., and observe that by the elementary relations cos(z) = (exp(iz) + exp(iz))/2 and F −1 (v)(x) = F −1 (v)(−x) and employing the ad-hoc notation R * for the pull-back by R(x, t) = (−x, t) we may write
W F E
Since we are here concerned solely with the question of smoothness at the points (0, t) for any t > 0 and t → E + 0 (t) as well as t → E(t) is smooth, we may note:
, and observe that for t > 0, rescaling by ξ → ξ t 1/σ on the Fourier transformed side, we have E (t) = f ./t 1/σ /t 1/σ and therefore may reduce the question of smoothness ofẼ (t) at x = 0 further to that of smoothness of f at zero.
Choose η ∈ C ∞ (R) such that η = 0 near ξ = 0, η = 1 for |ξ| > 1, and writef = (1 − η)f +ηf .
Let θ > 0 and put
Here, Q θ is a pseudodifferential operator with symbol q θ (x, ξ) = η(ξ)/|ξ| θ , which clearly satisfies |q θ (ξ)| = 1/|ξ| θ , if |ξ| > 1, hence Q θ is elliptic (of order −θ). Thus, smoothness of f at 0 turns out to be equivalent to smoothness of Q θ f at 0. Note that Q θ f is smooth off 0 by essentially the same arguments used as with E 0 and the symbol a 0 in Claim 1.
The non-smoothness of Q θ f at 0 is shown thanks to an asymptotic result by G. H. Hardy mentioned in [10, p. 357, 5.3 (ii)], with parameters a, b there to be identified with σ, θ respectively; note that 1 > σ = (1 + β)/2 > 1/2 and let us suppose that θ > (1 − σ 2 )/(1 − σ) > 0; then we conclude that there is some constant c 2 > 0 such that
cannot be bounded as x → 0 and therefore cannot be continuous near x = 0, which completes the proof of Claim 2.
From Claims 1 and 2 in conjunction with the first inclusion relation in ( * ) established at the beginning of the proof, we obtain
which implies that equality holds throughout and completes the proof.
Based on the results of Lemma 2.2 we will investigate the influence of the singularities in the initial data u 0 and v 0 on the wave front set of the solution u to (11). We emphasize that the proof of Theorem 2.4 below uses only the inclusion relation WF(E + j ) ⊆ W 0 in its first part and provides an independent, more general, proof of equality in this relation-thus substituting the argument of Claim 2 above drawing on Hardy's asymptotics by advanced microlocal techniques. 
, hence it suffices to investigate the singularity structure of (E + 0 (t)ρ) * u 0 , where now both convolution factors belong to E ′ (R). At fixed t, this enables us to employ the methods and results from [6, Section 16.3] on singular supports of convolutions (or to extend these techniques to wave front sets as suggested by Hörmander directly after the statement of [6, Definition 16.3.2]). Though a bit technical, it is not difficult to see that one will then obtain equality of the closed convex hulls of singsupp(u + (t)) and singsupp(u 0 ). However, even having information on WF(u + (t)) for every t > 0 would not yield precise microlocal information on WF(u + ) in terms of the two-dimensional directions in the cotangent fiber. 
Moreover, in case v 0 is smooth we have the more precise statement
and similarly WF (u
To prepare for the proof of the theorem we need a technical lemma on "symbol corrections".
Lemma 2.5. Let σ ∈ (0, 1) and y(ξ, 
Proof. By construction ofb, it suffices to check the symbol estimates when (ξ, τ ) is outside Γ, say |τ | < c|ξ|, and |ξ| + |τ | is large. The upper bound in order zero is clear from |yb| ≤ 
Proof of the Theorem. We consider the case when v 0 is smooth, which we may immediately reduce to v 0 = 0, since the contribution of E 
, whose action on test functions ϕ ∈ D(Ω) can be written in the form u 
where WF (K) Ω = {(x, t; ξ, τ ) | (x, t, y; ξ, τ, 0) ∈ WF (K) for some y ∈ R} = ∅ and WF ′ (K) = {(x, t, y; ξ, τ, η) | (x, t, y; ξ, τ, −η) ∈ W F (K)} = {(x, t, x; ξ, 0, ξ) | t > 0, ξ = 0}. Thus, we obtain
and the remaining part of the proof is concerned with showing that equality holds in ( (17) below, that in the region with t > 0,ũ provides a "lower bound" for the wave front set of u + , in fact, we will show equality of the wave front sets at the end of the proof.
In studying the propagation of singularities for problem ( * ) we encounter the nuisance that y (ξ, τ ) = −τ + b β |ξ| σ is not quite a symbol of order 1 in ξ and τ , since y is nonsmooth at zero and, furthermore, the symbol estimates obviously fail, e.g., for |∂ 
and is contained in the characteristic set Char
In fact, a refinement of the latter inclusion relation is available, sinceũ =Ẽ * x u 0 and we may argue very similar to proof of (13), noting (as in Claim 2 of the proof of Lemma 2.2) thatẼ is microlocally equivalent to F ξ→x (cos(b β |ξ| σ t)), and deduce
Solving the Hamiltonian equationṡ
we obtain ∀s ∈ R:
We may suppose thatb(ξ 0 , 0) = 1, since ξ 0 = 0 and characteristic sets as well as wave front sets are conic with respect to the cotangent fibers. Hence the bicharacteristic flow evolves along the t-direction with fixed cotangent directions (ξ 0 , 0) only. Therefore we have (x 0 , t 0 ; ξ 0 , 0) ∈ WF(ũ) if and only if (x 0 , 0; ξ 0 , 0) ∈ WF(ũ). We claim that the latter is in turn equivalent to (x 0 , ξ 0 ) ∈ WF(u 0 ), from which, together with (14), we may then conclude
We have claimed:
The implication '⇒' follows from (14). For the converse, note that, according to [5, Theorem 8.2.4] and the fact that WF(ũ) ⊆ Char(Y B) contains no directions (0, τ ) in the fiber, we may writeũ(t) = f * tũ for any t ∈ R, where f t (x) = (x, t) as a map R → R 2 , and obtain
where the last equality follows from the Hamiltonian invariance proven above. In particular, when t = 0 we haveũ(0) = u 0 , so that WF(u 0 ) = WF(ũ(0)) ⊆ {(x, ξ) | (x, 0; ξ, 0) ∈ WF(ũ)}, which proves the part '⇐' of the claim and thus establishes (15).
We are now ready to clarify the microlocal relation betweenũ and u + : In the subdomain with t > 0 we haveȲ
since
Denoting byũ
+ the restriction ofũ to the half-plane of positive time we claim that the following two inclusions hold: .
Equations (15) and (13) show WF vert (ũ + ) = ∅ and WF vert (u + ) = ∅, respectively, hence the proof of (I) and (II) is complete.
We may now put (I) and (II) to use with the outermost equalities in (16) and arrive at the following:
In summary, combining Equations (15) and (17) with (13) we obtain 
The time-fractional Zener wave equation
For the special case of (1) when β = 1 and 0 ≤ α < 1 we obtain the so-called time-fractional Zener wave equation
whose unique solvability by distributions supported in a forward cone has been established in [9] . Here we show a kind of non-characteristic regularity of the solution u to problem (18).
to which we apply a conic cut-off to obtain a smooth symbol in both variables (ξ, τ ), similarly as in Lemma 2.5 above. , t) , homogenous of degree 0 with respect to (ξ, τ ) away from the disc contained in Γ ′ , and such thatb(x, t, ξ, τ ) = 0, if (ξ, τ ) ∈ Γ,b(x, t, ξ, τ ) = 1, if (ξ, τ ) ∈ Γ ′ . Then p :=b z is a symbol belonging to the class S 2 R 2 × R 2 .
The proof is a variation of that of Lemma 2.5. Proof. Let B and P be the pseudo-differential operators associated with the symbolsb and p, respectively, constructed in Lemma 3.1 according to arbitrary, but fixed, Γ and Γ ′ chosen as specified there. We have P = BZ and therefore
By non-characteristic regularity [8, Theorem 18.1.28],
where the characteristic set is Char (P ) = R 2 × R 2 \ {(0, 0)} \ M with M being defined as the set of all points (x 0 , t 0 , ξ 0 , τ 0 ) such that there exist c > 0, R > 0 and a conic neighborhood V of (ξ 0 , τ 0 ) such that the following estimate holds:
1. We have R 2 × (Γ \ {(0, 0)}) ∩ M = ∅, sinceb(ξ 0 , τ 0 ) = 0 whenever (ξ 0 , τ 0 ) ∈ Γ. As Γ gets more and more narrow (and smaller around the origin) only points of the form (x 0 , t 0 , ξ 0 , 0) will remain with this property.
2. We have no definite decay properties of the symbol in all of R 2 × (Γ ′ \ Γ), but this will not be required as we let later shrink both Γ ′ ⊃ Γ to R × {0}, causing Γ ′ \ Γ → ∅.
3. Suppose (x 0 , t 0 , ξ 0 , τ 0 ) ∈ R 2 × R 2 \ Γ ′ , which will leave only points with τ 0 = 0 upon the shrinking process of Γ ′ and Γ. 
